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Abstract The light-by-light contribution from the lightest
neutral pseudoscalar and scalar mesons to the anomalous
magnetic moment of muon is calculated in the framework
of the nonlocal SU(3)× SU(3) quark model. The model is
based on chirally symmetric four-quark interaction of the
Nambu–Jona-Lasinio type and Kobayashi–Maskawa–t‘Hooft
UA(1) breaking six-quark interaction. Full kinematic depen-
dence of vertices with off-shell mesons and photons in in-
termediate states in the light-by-light scattering amplitude is
taken into account. The small positive contributions from the
scalar mesons stabilize the total result with respect to change
of model parameters and reduces to aLbL,PS+Sµ = (6.25±
0.83) ·10−10.
1 Introduction
The description of the muon anomalous magnetic moment
(AMM) is one of the most challenging problem of the ele-
mentary particle physics. Recent precise results on the muon
AMM obtained in the experiment E821 at BNL [1] open
possibility for very fine investigation of the contributions
from the electromagnetic, weak and strong sectors of the
standard model. At present, the theoretical predictions, based
on e+e− annihilation and τ decay inclusive cross sections,
underestimate the experimental result by approximately 3σ
(see, e.g. [2–4]).
The most problematic part of the theoretical estimates is
the contribution of the light-by-light (LbL) scattering thro-
ugh the hadronic vacuum. The LbL scattering contribution
(unlike to the hadronic vacuum polarization contribution)
can not be extracted from phenomenological considerations
or calculated from first principals. Different models were
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used for calculation of the LbL contribution to the muon
AMM (see, e.g., [5–20]).
In [16, 17] the contribution of the diagrams with pseu-
doscalar meson exchanges to the muon AMM was estimated
in the framework of nonlocal chiral quark model (NχQM)
(for details see, e.g., [21–25] and Appendices of the present
work). In the present paper the contribution of scalar meson
exchanges is considered.
Section 2 contains the description of the nonlocal chiral
quark model, the meson dynamics in the pseudoscalar and
scalar channels with mixing scheme and interaction with ex-
ternal gauge field (see also Appendices A and B). The calcu-
lation of the LbL contribution to the muon AMM from the
pseudoscalar and scalar exchanges are detailed in Section 3
(see also Appendices C, D and E). Our conclusions are given
in Section 4.
2 NχQM Lagrangian, T -matrix and η−η ′ mixing
The Lagrangian of the nonlocal SU(3)× SU(3) model is
L = q¯(x)(i ˆ∂ −mc)q(x)+ G2
[
JaS(x)J
a
S (x)+ J
a
P(x)JaP(x)
]
−
− H
4
Tabc
[
JaS(x)JbS (x)JcS(x)− 3JaS(x)JbP(x)JcP(x)
]
, (1)
where q(x) is the quark field, mc is the diagonal matrix of
the quark current masses1, G and H are the four- and six-
quark coupling constants. Last line in the Lagrangian repre-
sents the Kobayashi–Maskawa–t‘Hooft determinant vertex
[26, 27] with the structural constant
Tabc =
1
6εi jkεmnl(λa)im(λb) jn(λc)kl , (2)
1We consider the isospin limit mc,u = mc,d 6= mc,s.
2where λa are the Gell-Mann flavor matrices for a = 1, ..,8
and λ0 =
√
2/3I. The nonlocal quark currents are
Jach(x) =
∫
d4x1d4x2 f (x1) f (x2) q¯(x− x1)Γ achq(x+ x2), (3)
where ch = S,P and Γ aS = λ a for the scalar channel, Γ aP =
iγ5λ a for the pseudoscalar channel, and f (x) is a form factor
reflecting the nonlocal properties of the QCD vacuum as it
occurs in the instanton liquid model.
The model can be bosonized using the stationary phase
approximation which leads to the system of gap equations
for the dynamical quark masses md,i (i = u,d,s) 2
md,u +GSu +
H
2
SuSs = 0,
md,s +GSs+
H
2
S2u = 0,
Si =−8Nc
∫ d4EK
(2pi)4
f 2(K2)mi(K2)
Di(K2)
, (4)
where mi(K2) = mc,i +md,i f 2(K2), Di(K2) = K2 +m2i (K2),
f (K2) is the nonlocal form factor in the momentum repre-
sentation.
The vertex functions and the meson masses can be found
from the Bethe-Salpeter equation. For the separable interac-
tion, given by Eqs. (1), (3), the quark-antiquark scattering
T -matrix in the pseudoscalar (scalar) channel becomes
Tch = ˆTch(P2)δ 4 (P1 +P2−P3−P4)
4
∏
i=1
f (P2i ),
ˆTch(P2) = Γ kch
(
1
−G−1ch +Πch(P2)
)
kl
Γ lch, (5)
where Pi are the momenta of external quark lines, Gch and
Πch(P2) are the corresponding matrices of the four-quark
coupling constants and the polarization operators of mesons
(P = P1 +P2 = P3 +P4). The meson masses MM are deter-
mined from the zeros of determinant, det(G−1ch −Πch(−M2M))=
0. The actual expressions for the matrices Gch and Πch are
given in Appendix A.
The ˆT-matrix for the system of mesons3 in each neutral
channel can be expressed as
ˆTch(P2) = ∑
M
V M(P2)⊗VM(P2)
−(P2 +M2M)
, (6)
2Through the paper the capital letters will be used for Euclidean mo-
menta, while small letters for Minkowski momenta.
3Such description of the light scalar mesons as q¯q-states is probably
simplified. It seems that it is necessary to include other structures, e.g.,
four-quark states (see, e.g., [28]). However, the present model is for-
mulated in the leading order of the 1/Nc expansion and our calcula-
tions are consistent within given approximation. Moreover, the scalar
mesons participate in the processes under consideration only as inter-
mediate states, being far from mass-shell.
where MM are the meson masses, VM(P2) are the vertex
functions
(
V M(p2) = γ0V †M(P2)γ0
)
. The sum in (6) is over
full set of light mesons: (M = pi0,η ,η ′) in the pseudoscalar
channel and (M = a0(980),σ , f0(980)) in the scalar one. In
general case of three unequal quark masses it is necessary to
solve the pi0−η−η ′ and a0−σ − f0 systems. However, in
the isospin limit considered here they reduce to the pi0 and
η−η ′ systems and to the a0 and σ − f0 systems. Then, it is
convenient to diagonalize the scattering matrix by orthogo-
nal transformations(
η
η ′
)
=
(
cosθP −sinθP
sinθP cosθP
)(
η8
η0
)
,(
σ
f0(980)
)
=
(
cosθS −sinθS
sinθS cosθS
)(
σ8
σ0
)
. (7)
As a result the mesonic vertex functions are
Va0
(
P2
)
= iga0(P
2)λ3,
Vσ
(
P2
)
= igσ (P2)
(
λ8 cosθS(P2)−λ0 sinθS(P2)
)
, (8)
V f0
(
P2
)
= ig f0(P
2)
(
λ8 sinθS(p2)+λ0 cosθS(P2)
)
,
where gM(P2) and θ (P2) are the meson renormalization con-
stants and mixing angles (A.5) depending on the meson vir-
tuality. The renormalization constants are defined through
the unrenormalized meson propagators DM(P2) as
g2M(P
2) =−(P2 +M2M)DM(P2). (9)
The meson mixing angles depend strongly on the meson
virtuality. Therefore θσ = θS(−M2σ ) and θ f0 = θS(−M2f0)
are different for the on-shell σ and f0 mesons. The same
situation takes place in the pseudoscalar sector, where θη =
θP(−M2η), θη ′ = θP(−M2η ′).
External fields are introduced by delocalization of the
quark fields q(x) by using the Schwinger phase factor E(x,y)
q(y)→Q(x,y) = E(x,y)q(y), (10)
where
E(x,y) = Pexp
i
y∫
x
dzµ [V aµ (z)+A aµ (z)γ5]T a
 , (11)
and V aµ and A aµ are the external vector and axial-vector
gauge fields, T a ≡ λ a/2. The Pexp is handled with help
of prescription for the derivative of contour integral
∂
∂yµ
y∫
x
dzν Fν(z) = Fµ(y), δ (4) (x− y)
y∫
x
dzν Fν(z) = 0,
as described in [29]. As a result the kinetic part leads to
usual local electroweak vertices. However, the terms with
nonlocal quark currents Jach(x) generate additional vertices,
see Appendix B.
3(a) (b) (c)
Fig. 1 LbL contribution from intermediate meson exchanges.
For numerical estimates we use the Gaussian nonlocal
form factor for Euclidean momenta f (K2)= exp(−K2/2Λ 2)
and the model parameters obtained in [30]. The model pa-
rameters (the current quark masses mc,i, the coupling con-
stants G and H, and the nonlocality scale Λ ) are fixed in
[30] by requirement that the model reproduces correctly the
measured values [31] of the pion and kaon masses, the pion
decay constant fpi , and the η ′ mass (parameter sets GI , GIV )
or the η ′→ γγ decay constant gη ′γγ (sets GII , GIII ). The sets
GI , GIV vary by different input for the nonstrange current
quark mass, while GII , GIII are two solutions of the same
fitting procedure.
3 LbL contribution from resonance exchanges
The basic element for calculations of the hadronic LbL con-
tribution to the muon AMM is the fourth-rank light quark
hadronic vacuum polarization tensor
Πµνλ ρ(q1,q2,q3) =
∫
d4x1
∫
d4x2
∫
d4x3ei(q1x1+q2x2+q3x3)×
× 〈0|T ( jµ(x1) jν (x2) jλ (x3) jρ (0))|0〉 , (12)
where jµ(x) are light quark electromagnetic currents and |0〉
is the QCD vacuum state.
The muon AMM can be extracted by using the projec-
tion [32]
aLbLµ =
1
48mµ
Tr
(
(pˆ+mµ)[γρ ,γσ ](pˆ+mµ)Πρσ (p, p)
)
,
where
Πρσ (p′, p) =−ie6
∫ d4q1
(2pi)4
∫ d4q2
(2pi)4
1
q21q
2
2(q1 + q2− k)2
×
× γµ pˆ
′− qˆ1 +mµ
(p′− q1)2−m2µ
γν pˆ− qˆ1− qˆ2+mµ
(p− q1− q2)2−m2µ
γλ×
× ∂∂kρ Πµνλ σ (q1,q2,k− q1− q2), (13)
mµ is the muon mass, kµ = (p′− p)µ and it is necessary to
consider the limit kµ → 0.
In the case of the resonance exchanges of the light hadrons
in the intermediate pseudoscalar and scalar channel the LbL
contribution to the muon AMM is shown in Fig. 1. The ver-
tices containing the virtual meson with momentum p and
two photons with momenta q1,2 and the polarization vectors
ε1,2 (see Appendix C and Fig. 6) can be written as [15]
A
(
γ∗(q1,ε1)γ
∗
(q2,ε2) → P
∗
(p)
)
= e2εµ1 ε
ν
2 ∆
µν
P (p,q1,q2) (14)
with
∆ µνP (p,q1,q2) =−iεµνρσ qρ1 qσ2 FP
(
p2;q21,q
2
2
)
, (15)
and
A
(
γ∗(q1,ε1)γ
∗
(q2,ε2) → S
∗
(p)
)
= e2εµ1 ε
ν
2 ∆
µν
S (p,q1,q2) (16)
with
∆ µνS (p,q1,q2) = AS
(
p2;q21,q
2
2
)
PµνA (q1,q2)+ (17)
+BS(p2;q21,q22)P
µν
B (q1,q2),
where
PµνA (q1,q2) =
(
gµν(q1q2)− qν1 qµ2
)
,
PµνB (q1,q2) =
(
q21q
µ
2 − (q1q2)qµ1
)(
q22q
ν
1 − (q1q2)qν2
)
,
and p = q1 + q2. Note, that the scalar form factor BS is sin-
gular in the limit when one photon is real and the virtuality
of the second photon equals to the virtuality of the scalar
meson p2 → q21, q22 → 0. For convenience we also define an
additional function
B′S(p
2;q21,q
2
2) = BS(p
2;q21,q
2
2)
(
(q1q2)2− q21q22
)
, (18)
which is regular in this limit. In general case, these scalar
functions are combinations of the nonstrange and strange
components. Details for the mixing of mesons interacting
with photons are given in Appendix C. In Appendix D the
local limit of the amplitude γ∗γ∗→ S∗ is presented.
The polarization tensor Πµνλ ρ for the exchange of me-
son with mass MM is
Πµνλ ρ(q1,q2,q3) = (19)
i
∆ µν(q1 + q2,q1,q2)∆ λ ρ(q1 + q2,q3,q4)
(q1 + q2)2−MM2
+
+ i
∆ µρ(q2 + q3,q1,q4)∆ νλ (q2 + q3,q2,q3)
(q2 + q3)2−MM2
+
+ i
∆ µλ (q1 + q3,q1,q3)∆ νρ(q1 + q3,q2,q4)
(q1 + q3)2−MM2
,
where qi are momenta of outgoing photons, q4 = −(q1 +
q2+q3), and one should take ∆ µνP for pseudoscalar and ∆
µν
S
for scalar mesons, respectively. Details for the pseudoscalar
exchange can be found in [10] (Eqs. (3.1) and (3.3)). The
4low-energy expansion of the derivative of the polarization
tensor Πµνλ ρ for the scalar meson is given by
∂
∂kρ Π
µνλ σ (q1,q2,k− q1− q2) =
i
∆ µνS (q1 + q2,q1,q2)
(q1 + q2)2−MM2
∂
∂kρ ∆
λ σ
S (q1 + q2,−q1− q2,−k)
+ i
∆ νλS (−q1,q2,−q1− q2)
q21−MM2
∂
∂kρ ∆
µσ
S (−q1,q1,−k) (20)
+ i
∆ µλS (−q2,q1,−q1− q2)
q22−MM2
∂
∂kρ ∆
νσ
S (−q2,q2,−k)+O(k).
and the low-energy expansion for the derivative of ∆ µνS is
∂
∂kρ ∆
µν
S (−q,q,k) = AS(q2,q2,0)
(
gµνqρ − qνgµρ
)
+
+B′S(q
2,q2,0)qν
(
qµqρ
q2
− gµρ
)
+O(k). (21)
As a result the numerator of the two-loop integrand for the
aLbLµ contains the combination of two form-factors and is a
polynomial in momenta.
At next step, the expression for LbL can be averaged [2]
over directions of the muon momentum p
〈...〉= 1
2pi2
∫
dΩ (p̂) ... (22)
After averaging the expression for the LbL contribution to
the muon AMM from the light scalar meson exchange can
be written in the form of integral over Euclidean momenta
a
LbL,S
µ =−
2α3
3pi2
∞∫
0
dQ21
∞∫
0
dQ22
1∫
−1
dt
√
1− t2 1Q23
×
× ∑
S=a00,σ , f0
[
2
N S1
Q22 +M2S
+
N S2
Q23 +M2S
]
, (23)
N
S
1 = ∑
X=A,B′
∑
Y=A,B
XS
(Q22;Q22,0)YS (Q22;Q21,Q23)TsXY1 ,
N
S
2 = ∑
X=A,B′
∑
Y=A,B
XS
(Q23;Q23,0)YS (Q23;Q21,Q22)TsXY2 ,
where XS, YS are the functions AS, BS, B′S deined in Eqs. (17),
(18), Q3 =−(Q1 +Q2) and capital letters are introduced for
Euclidean momenta, i.e. Q2l = −q2l . One should note that
TsB
′A
i =
1
2 Ts
AA
i , Ts
B′B
i =
1
2 Ts
AB
i . The functions TsXYi are
given in Appendix E.
4 The results of model calculation
It is instructive to study the pi and σ mesons contribution
to the muon AMM for the SU(2)× SU(2) version of the
nonlocal model. The Lagrangian of the model is given by
LSU2 = q¯(x)(i ˆ∂ −mc)q(x)+
G
2
[
JuS (x)JuS (x)+ JbP(x)JbP(x)
]
,
0.0
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Fig. 2 LbL contribution to the muon AMM from the neutral pion
and σ exchanges as a function of the dynamical quark mass. Bunch of
three lower lines correspond to the σ contribution, the pi0 contribution
is in the middle, and the upper lines are the combined contribution. The
band along the thick line between dashed and dotted lines corresponds
to the error interval for the pion two-photon width. Vertical thin dashed
lines denote the interval of dynamical quark masses used for the esti-
mate of the error band for aLbLµ .
where the corresponding flavor matrices are λu = (
√
2λ0 +
λ8)/
√
3= diag(1,1,0) and b= 1,2,3. In this case the model
has three parameters: the current quark mass mc,u, the dy-
namical quark mass md,u and the nonlocality parameter Λ .
In order to understand the stability of the model predictions
with respect to changes of the model parameters one may
vary one parameter in rather wide physically acceptable in-
terval, while fix other parameters by using as input the pion
mass and the two-photon decay constant of the neutral pion.
Thus, we take the values of the dynamical quark mass in the
typical interval of model values 200–350 MeV and other pa-
rameters are fitted by the above physical observables within
the error range given in [31].
The results are shown in Fig. 2. We see that the contri-
bution of the σ meson is small, positive and has very small
minimum value around the value of 300 MeV for the dy-
namical mass. It is interesting to note that the total result
for the pion and σ meson contributions is rather stable to
variation of the dynamical mass in the tested interval. Our
estimates for the pi0 and the sum of pi0 and σ contributions
(here and below in 10−10) are
a
LbL,pi0
µ = 5.01± 0.37, aLbL,pi
0+σ
µ = 5.40± 0.33. (24)
In the SU(3) model, for the central values of η and η ′
contributions we use the averages over different parameter-
izations [17]. The error bar for η ′ is taken as a maximal
deviation from the central value. The deviation of the η con-
tribution from the central value seems accidentally small, so
we use the factor 60% of the error value for η ′ as an estimate
of the error bar for the η contribution. Our estimate for the
5set pi0 η η ′ η +η ′ PS a0(980) σ f0(980) S pi0 +σ PS+S
GI 5.05 0.55 0.27 0.82 5.87 0.0064 0.100 0.0035 0.110 5.15 5.98
GII 5.05 0.59 0.48 1.08 6.13 0.0079 0.100 0.0038 0.110 5.15 6.24
GIII 5.05 0.53 0.18 0.71 5.76 0.0058 0.100 0.0034 0.109 5.15 5.87
GIV 5.10 0.49 0.25 0.74 5.84 0.0060 0.115 0.0038 0.126 5.25 5.97
Table 1 The contribution of scalar and pseudoscalar mesons to the muon AMM aLbLµ for different sets of model parameters [30]. All numbers are
given in 10−10.
η and η ′ contributions is
a
LbL,η
µ = 0.54± 0.32, aLbL,η
′
µ = 0.30± 0.18. (25)
Finally, we estimate the combined contribution from the
a0(980) and f0(980) mesons as
a
LbL,a0+f0µ ≈ 0.01, (26)
and add it to the total result.
5 Comparison with other models
It should be mentioned that there are estimates of the scalar
meson exchange contributions to the muon AMM in differ-
ent versions of the local NJL model. In [14] the combined
scalar contribution was estimated as
a
LbL,S
µ =−(0.68± 0.2) ·10−10, (27)
whereas [15] gives the estimates for σ and a0 contributions
as
a
LbL,σ
µ = (1.167± 0.238) ·10−10,
a
LbL,a0µ = (0.062± 0.024) ·10−10. (28)
One can see that our results (Table 1) are smaller in absolute
values than other estimates.
Note, that in estimations (27) and (28) there is an am-
biguity in the sign for the scalar meson exchange contribu-
tions. In [33] the analytical expressions for the pion and σ -
meson contributions4 was obtained with the meson transi-
tion form factors taken from the simple vector meson dom-
inance (VMD) model parameterized by the ρ-meson mass
Mρ . These expressions are given as an expansion in small
parameters chosen in accordance with the mass scale hierar-
chy (M2M−m2µ)≪m2µ ≪M2ρ . We reproduce numerically the
coefficients of these expansions for the pseudoscalar meson
contribution (Eqs.(8) and (10) of [33]) 5 by using our code
4For the pion exchange contribution, the coefficient of the leading,
log2(Mρ/mµ ), term in (mµ/Mρ )2 expansion was found in [34].
5Namely, varying the mass parameter values for the ρ-meson, muon
and difference between the pion and muon masses squared, one can
extract different terms of the expansions given in [33].
for numerical calculations of aµ and substituting the VMD
transition form factors instead of NχQM ones
AS
(
p2;q21,q
2
2
)
= FV MDM
(
q21,q
2
2
)
, BS
(
p2;q21,q
2
2
)
= 0.
However, for the σ -meson contribution by using the same
VMD model as in [33], we reproduce numerically the coef-
ficients of the expansion in Eq. (11) of [33] up to the overall
sign. Thus we conclude (as in [15]) that the scalar meson
contribution to the muon AMM for the VMD model has a
positive sign in variance with the result of [33].
For additional check of computer code correctness, as
suggested in [33], one can calculate the contribution to the
muon AMM from the vacuum polarization processes, aHVP,Mγµ ,
where the virtual photon splits to the meson M and the real
photon γ . As argued in [33] these contributions have to be
positive, since they are related by dispersion relations to the
cross sections σ(e+e− → Mγ). Our numerical results for
the VMD model and a set of parameters used in [33] (for
Mσ = Mpi ) are
a
LbL,pi0
µ,VMD =+5.64 ·10−10, (29)
a
LbL,σ
µ,VMD =+4.76 ·10−10, (30)
a
HVP,pi0γ
µ,VMD =+0.368 ·10−10, (31)
a
HVP,σγ
µ,VMD =+0.265 ·10−10. (32)
Our numerical results for the pion exchange contributions,
(29) and (31), agree with the results given in Eqs. (2) and
(10) of [33].
In order to study the transition from the nonlocal model
to the local one, we consider6 the nonlocal SU(2)× SU(2)
model with Pauli–Villars regularization parameterized by
1. parameter of nonlocality Λ ,
2. parameter of quark loop regularization Λq.
The local model corresponds to the limit
Λ → ∞ , Λq = Λ fitq , (33)
while the nonlocal model without regularization can be ob-
tained by setting
Λ = Λ fit , Λq → ∞ . (34)
6Similar consideration was used in [25] for the investigation of 1/Nc
corrections.
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Fig. 3 LbL contribution to the muon AMM from the neutral pion and
σ exchanges in nonlocal model with additional regularization. Zero x
corresponds to a local NJL model while x equal 1 is the nonlocal model
without regularization.
For definiteness, let us compare7 the local model8 [35, 36]
with the nonlocal one9 [37]. The values of the quark conden-
sate in the local and the nonlocal models coincide numeri-
cally within less than 0.5 % deviation.
The result is presented in Fig. 3, where we introduce the
parameter of nonlocality x. Zero of x corresponds to the local
NJL model, while the nonlocal model is reproduced for x
equal to one. For each x point in between zero and one the
regularization parameter behaves as Λq =Λ NJLq /(1− x), the
dynamical quark mass scales linearly and the current quark
mass and Λ are refitted in order to reproduce the mass of the
neutral pion and linearly scaled quark condensate.
One can see that the pion contribution to the muon AMM
increases from 5.3 ·10−10 in the NχQM model to 8.5 ·10−10
in the local NJL model. More dramatic situation takes place
for the σ -meson contribution. The contribution in the local
limit is ten times larger than in the nonlocal model (2.2 ·
10−10 instead of 0.22 · 10−10). The values obtained in the
local limit are of the same order as numbers quoted in [15].
6 Conclusions
We found that within the NχQM the pseudoscalar meson
contributions to muon AMM are systematically lower then
the results obtained in the other works (see discussion in
[17]). The full kinematic dependence of the vertices on the
pion virtuality diminishes the result by about 20-30% as
compared to the case where this dependence is neglected.
For η and η ′ mesons the results are reduced by factor about
3 in comparison with the results obtained in other models
7We rescale current quark masses in order to reproduce mass of neutral
pion instead of charged one.
8mNJLc,u = 5.69 MeV, mNJLd,u = 253.9 MeV, ΛNJLq = 800 MeV.
9mNχQMc,u = 5.45 MeV, mNχQMd,u = 255.8 MeV, ΛNχQM = 902.4 MeV.
where the kinematic dependence was neglected (see details
in [17]). The total contribution of pseudoscalar exchanges
a
LbL,PS
µ = (5.85± 0.87) ·10−10 (35)
is approximately by factor 1.5 less than the most of previous
estimates.
The scalar mesons contribution is positive and partially
cancels model dependence of the pseudoscalar contribution.
The combined value for the scalar–pseudoscalar contribu-
tion is estimated as
a
LbL,PS+S
µ = (6.25± 0.83) ·10−10. (36)
It is well known that the hadronic LbL contribution to
the muon AMM calculated in the effective approaches have
model dependent features. However, there are few constraints
following from QCD and need to be satisfied in any accept-
able model calculations. One result was obtained by Mel-
nikov and Vainshtein [11] (see also for discussions [38]) for
the high photon momentum behavior of the total LbL am-
plitude. The consistency of the NχQM with the Melnikov-
Vainshtein constraints was carefully analyzed in our previ-
ous works [16, 17]. It is based on the fact that in the high
photon momentum limit the dynamical nonperturbative dress-
ing effects containing in the quark box diagram becomes
vanishing and this diagram produces short range behavior
characteristic for the perturbative QCD regime. At the same
time the LbL contributions containing the meson exchanges
are responsible for the long distance dynamics and are sup-
pressed in the high photon momentum limit.
Another important constraint concerns the low photon
momentum limit of the LbL contribution with intermedi-
ate pion exchange. In [34] (see also for discussions [38])
the coefficient of the leading logarithm of ultraviolet regula-
tor, log2 Λ , arising in this contribution was computed in the
chiral limit in the leading in 1/Nc approximation. In [34]
there was also discussed the correspondence between this
result and the model calculations given in [10]. They found
that for the case of the vector meson dominance form fac-
tor and in the limit MV → ∞ the logarithmic coefficient nu-
merically agrees with chiral perturbative theory result. We
have checked this statement by performing the chiral expan-
sion of the polarization operators as well as triangle diagram
functions. Then, one can indeed reproduce the correct coef-
ficients in front of log2 Λ terms in the limit as the ultraviolet
regulator Λ goes to infinity.
Finally, the important point for the model calculations is
the total contribution from all leading diagrams. This is be-
cause the different models may redistribute partial contribu-
tions differently. In the present work we show that the con-
tribution of the scalar mesons being relatively small leads
to stabilization of the total pseudoscalar and scalar contribu-
tion with respect to variation of the model parameters. The
7next step is the calculation of the dynamical quark and pion
loops contribution which is now in progress.
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Appendix A: Four-quark coupling constants,
polarization operators and mixing angles
The elements of Gch-matrices take the form
G00 = G± H3 (2Su + Ss), G88 = G∓
H
6 (4Su− Ss),
G08 = G80 =∓
√
2
6 H(Su− Ss), G33 = G∓
H
2
Ss, (A.1)
where the upper sign corresponds to the scalar channel, while
the lower sign corresponds to the pseudoscalar channel. For
the pion, Gpi equals to G33 of the pseudoscalar interaction,
and, for the a0-meson, Ga0 equals to G33 of the scalar inter-
action.
The elements of Πch(P2)-matrix for the scalar and pseu-
doscalar mesons are diagonal in the quark-flavor basis, and
in the singlet-triplet-octet basis they are given by
Π00(P2) =
1
3(2Πuu(P
2)+Πss(P2)),
Π88(P2) =
1
3(Πuu(P
2)+ 2Πss(P2)), (A.2)
Π08(P2) = Π80(P2) =
√
2
3 (Πuu(P
2)−Πss(P2)),
Π33(P2) = Πuu(P2),
where the difference between the scalar and pseudoscalar
channels is in the polarization operators
Πi j(P2) =8Nc
∫ d4EK
(2pi)4
f 2(K2+) f 2(K2−)
Di(K2+)D j(K2−)
×
× [(K+ ·K−)∓mi(K2+)m j(K2−)] , (A.3)
where K± = K±P/2. Similarly to Eq. (A.1), the upper sign
corresponds to the scalar channel and the lower sign corre-
sponds to the pseudoscalar channel, Πa0 equals to Π33 for
the scalar channel and Πpi equals to Π33 the pseudoscalar
channel. The unrenormalized mesonic propagators for the
scalar mesons are
D−1a0 (P
2) =−G−1a0 +Πa0(P2),
D−1σ , f0(P
2) =
1
2
[
(A+C)±
√
(A−C)2 + 4B2
]
,
A =−G88/det(Gch)+Π00(P2), (A.4)
B =+G08/det(Gch)+Π08(P2),
C =−G00/det(Gch)+Π88(P2),
det(Gch) = G00G88−G208.
The mixing angle depends on the meson virtuality
θS(P2) =
1
2
arctan
[
2B
A−C
]
− pi
2
Θ (A−C) . (A.5)
Expressions for the unrenormalized propagators for the
pseudoscalar mesons are similar to the scalar meson propa-
gators, Eqs. (A.4), (A.5), with replacements a0 → pi , σ → η ,
f0 → η ′ and θS → θP.
Appendix B: Feynman rules for nonlocal vertices
p1 p2
q(µ)
p1 p2
k
q(µ)
(a) (b)
Fig. 4 Vertices Γµp2,p1 , Eq. (B.6), ΓM;µp2,p1,q, Eq. (B.8), with one photon.
The total vertex of photon interaction with quark-antiquark
pair (Fig. 4a) contains local and nonlocal parts
Γµp2,p1 = T
a(γµ − (p1 + p2)µm(1)(p1, p2)), (B.6)
where T a ≡Q and m(1)(p1, p2) is the first order finite-difference
of the dynamical quark mass
m(1)(p1, p2) =
mi(p21)−mi(p22)
p21− p22
. (B.7)
The contact interaction vertex of meson, photon and quark-
antiquark pair (Fig.4b) is purely nonlocal and takes the form
ΓM;µp2,p1,q =− gM(k)
(
f(1)(p1, p1 + q) f (p2)(2p1 + q)µT aΓ bM+
+f(1)(p2, p2− q) f (p1)(2p2− q)µΓ bMT a
)
. (B.8)
8p1 p2
q1(µ) q2(ν)
p1 p2
k
q1(µ) q2(ν)
(a) (b)
Fig. 5 Vertices Γµ,νp2,p1,q1,q2 , Eq. (B.11), and ΓM;µ,νp2,p1,q1,q2 , Eq. (B.12),
with two photons.
In order to express the vertices with two external photons
we introduce the following functions
Gaµ (k,q) = iT a (2k+ q)µ f
(1)(k,k+ q),
Gabµν
(
k,q,q′,k′
)
=− f (k′){T aT b [gµν f(1)(k,k+ q+ q′)+
+
[
2
(
k+ q′
)
+ q
]
µ
(
2k+ q′
)
ν f
(2) (k,k+ q′,k+ q+ q′)]+
+
[
(q,a,µ)←→ (q′,b,ν)]}, (B.9)
where f(2) (k1,k2,k3) is the second order finite-difference
f(2) (k1,k2,k3) =
f(1)(k1,k3)− f(1)(k1,k2)
k23− k22
. (B.10)
With this notation, the vertex of two-photon interaction with
quark-antiquark pair (Fig.5a) is
Γµ,νp2,p1,q1,q2 = md
{
Gabµν (p1,q1,q2, p2)+
+Gabµν (p2− q1− q2,q1,q2, p1)+ (B.11)
+Gaµ (p1,q1)Gbν (p2− q2,q2)+Gaµ (p2− q1,q1)Gbν (p1,q2)
}
,
and the interaction vertex for two photons, meson and quark-
antiquark pair (Fig.5b) becomes
ΓM;µ,νp2,p1,q1,q2 =− gM(k)
{
Gabµν (p1,q1,q2, p2)Γ cM+
+Γ cMGabµν (p2− q1− q2,q1,q2, p1)
+Gaµ (p1,q1)Γ cMGbν (p2− q2,q2) (B.12)
+Gaµ (p2− q1,q1)Γ cMGbν (p1,q2)
}
.
Appendix C: Amplitude with meson and two photons
The photon-meson transition amplitude is a sum of diagrams
shown in Fig. 6, where all particles are virtual. For the scalar
meson it takes the form
A(γ∗1 γ∗2 →M∗) = e2εµ1 εν2 ∆ µν (p,q1,q2) ,
∆ µν (p,q1,q2) =−iNc
∫ d4k
(2pi)4
(C.13)
×Tr
(
2ΓMk2,k1S(k1)Γ
µ
k1,k3 S(k3)Γ
ν
k3,k2 S(k2)
+ΓM;µk2,k3,q1S(k3)Γ
ν
k3,k2S(k2)+Γ
M;ν
k3,k1,q2S(k1)Γ
µ
k1,k3S(k3)
+ΓMk2,k1S(k1)Γ
µ,ν
k1,k2,q1,q2 +Γ
M;µ,ν
k3,k3,q1,q2S(k3)
)
,
where the symbols are the photon momenta q1,2, the photon
polarization vectors ε1,2, the meson momentum p = q1+q2,
and the quark momenta k1,2,3 (k1 = k+q1, k2 = k−q2, k3 =
k). The first term in parentheses corresponds to the quark
triangle diagrams10 (Fig. 6b and crossed term Fig. 6c) and
next terms corresponds to the diagrams in Figs. 6d-g with
effective nonlocal vertices defined in (B.8), (B.11), (B.12).
For different scalar meson states one has the following
combinations of nonstrange and strange components
∆ µνa0 (p,q1,q2) = ga0(p
2)δ µνu
(
p2;q21,q
2
2
)
,
∆ µνσ (p,q1,q2) =
gσ (p2)
3
√
3
×
×
[(
5δ µνu
(
p2;q21,q
2
2
)− 2δ µνs (p2;q21,q22))cosθS(p2)−
−
√
2
(
5δ µνu
(
p2;q21,q
2
2
)
+ δ µνs
(
p2;q21,q
2
2
))
sinθS(p2)
]
,
∆ µνf0 (p,q1,q2) =
g f0(p
2)
3
√
3
× (C.14)
×
[(
5δ µνu
(
p2;q21,q
2
2
)− 2δ µνs (p2;q21,q22))sinθS(p2)+
+
√
2
(
5δ µνu
(
p2;q21,q
2
2
)
+ δ µνs
(
p2;q21,q
2
2
))
cosθS(p2)
]
.
One can easily see from Eqs. (17), (18) that the mixing
for the form-factors AS, BS, B′S from the components Au,
Bu, B′u and As, Bs, B′s is similar. One should project Ai and
Bi (i = u,s) from loops of nonstrange and strange quarks
Ai
(
p2;q21,q
2
2
)
=
δ µνi
(
p2,q21,q
2
2
)
2(q1 ·q2)
[
gµν − (q1 ·q2) q
ν
1 q
µ
2
(q1 ·q2)2− q21q22
]
,
Bi
(
p2;q21,q
2
2
)
=− δ
µν
i
(
p2,q21,q
2
2
)
2(q1 ·q2)
(
(q1 ·q2)2− q21q22
)×
×
[
gµν − 3 (q1 ·q2) q
ν
1 q
µ
2
(q1 ·q2)2− q21q22
]
, (C.15)
where
δ µνi
(
p2,q21,q
2
2
)
=− 2i
∫ d4k
(2pi)4
[
Jµνbc + J
µν
de + J
µν
f + J
µν
g
]
,
10In the case of pseudoscalar mesons, the diagrams in Fig. 6d-g give a
zero contribution due to chirality considerations.
9= + + + + +
(a) (b) (c) (d) (e) (f) (g)
Fig. 6 The diagrams for the photon-meson transition.
and different terms in brackets, Jµν , correspond to the dia-
grams shown in Figs. 6, with lower indices being the symbol
of the figure.
Below for simplicity, a momentum is denoted as a lower
index and a quark flavor index i is omitted
fn ≡ f (k2n), mn ≡ mi(k2n), Dn ≡ Di(k2n), f (1)nm ≡ f(1)(kn,km),
m
(1)
ln ≡m(1)(kn,km), f
(2)
nml ≡ f(2) (kn,km,kl) .
Then, one has
Jµνbc =
f1 f2
D1D2D3
[
V µν1 +m
(1)
23 m
(1)
13 (k2 + k3)
ν (k1 + k3)µV4−
−m(1)23 (k2 + k3)νV µ2 −m(1)13 (k1 + k3)µV ν3
]
, (C.16)
where
V µν1 = m1
[
kν2 k
µ
3 + k
µ
2 k
ν
3
]
+m3
[
kν2 k
µ
1 − kµ2 kν1
]
+
+m2
[
kν3 k
µ
1 + k
µ
3 k
ν
1
]
+ gµν [m1m3m2−m1(k2k3)+
+ m3(k2k1)−m2(k3k1)] ,
V µ2 = k
µ
1 [m2m3 +(k2k3)]+ k
µ
2 [m1m3− (k1k3)]+
+ kµ3 [m1m2 +(k1k2)] ,
V ν3 = kν1 [m2m3− (k2k3)]+ kν2 [m1m3 +(k1k3)]+
+ kν3 [m1m2 +(k1k2)] ,
V4 = m1m2m3 +m1(k2k3)+m3(k1k2)+m2(k1k3),
and
Jµνde =
f2
D2D3
f(1)13 (k1 + k3)
µ×
×
(
m2kν3 +m3kν2 −m(1)32 (k2 + k3)ν((k3k2)+m3m2)
)
+
+
f1
D1D3
f(1)23 (k2 + k3)
ν× (C.17)
×
(
m3kµ1 +m1k
µ
3 −m(1)13 (k1 + k3)µ((k3k1)+m3m1)
)
,
Jµνf =
f1 f2
D1D2
((k1k2)+m1m2)md
[
( f1 + f2)gµν f(1)12 +
+(k1 + k3)µ(k2 + k3)ν
(
( f1 + f2)(f(2)231 + f(2)132)− f(1)13 f(1)23
)]
,
Jµνg =− f2m2D2 [g
µν f(1)12 +(k1 + k3)
µ(k2 + k3)ν f(2)231]−
− f1m1
D1
[gµν f(1)12 +(k2 + k3)
ν (k1 + k3)µ f(2)132]+
+
f3m3
D3
f(1)13 f
(1)
23 (2k1 + k3)
µ(2k2 + k3)ν .
Analytical expressions for the form factors Ai
(
p2;q21,q
2
2
)
and B′i
(
p2;q21,q
2
2
)
in the case of special kinematics11, when
one photon is real, q21 = 0, and the virtuality of second pho-
ton is equal to the virtuality of meson p22 = q22, can be ob-
tained by expanding the quark-loop expressions, Eqs. (C.15),
(C.16), (C.17), in q21. The resulting expressions contain deriva-
tives of the nonlocal function f (k2) up to third order. These
expressions are rather cumbersome and not presented here.
Alternatively, one can calculate the form factors for small
but nonzero q21 and then take the limit numerically.
Appendix D: Local limit of γ∗γ∗→ S∗ amplitude
In the local model with constituent quark masses mi ,the tri-
angle quark-loop diagrams, depicted in Figs. 6b-c, reduce to
the following expression
δ µνloc;i
(
p2,q21,q
2
2
)
= migµνIg(m2i )+Aloc;i
(
p2;q21,q
2
2
)×
×PµνA (q1,q2)+Bloc;i(p2;q21,q22)PµνB (q1,q2), (D.18)
where Ig(m2i ) is a gauge non-invariant term (constant)
Ig(m2i ) =
1
2pi2
1∫
0
dx1
1−x1∫
0
dx2
m2i −X
m2i −X
=
1
4pi2 , (D.19)
X = x1(1− x1− x2)q22 + x2(1− x1− x2)q21 + x1x2 p2,
which should be eliminated by suitable regularization, e.g.,
the Pauli-Villars regularization Ig(m2i )− Ig(Λ 2PV) = 0, and
11Bi
(
p2;q21,q
2
2
)
is divergent in this kinematic.
10
the form factors read
Aloc;i
(
p2;q21,q
2
2
)
=
mi
4(q1q2)pi2
1∫
0
dx1
1−x1∫
0
dx2×
× 4X− p
2 + q22(1− 2x1)+ q21(1− 2x2)
m2i −X
, (D.20)
Bloc;i
(
p2;q21,q
2
2
)
=
mi
(q1q2)pi2
1∫
0
dx1
1−x1∫
0
dx2
x2(1− 2x2)
q22(m
2
i −X)
.
Note that, if one takes the local limit of the nonlocal ex-
pression Eq. (C.15) by setting Λ → ∞, the contribution of
nonlocal diagrams completely cancel a gauge noninvariant
term.
For special kinematics considered above, the form-factors
become (x¯ = 1− x)
Aloc;i
(
p2; p2,0
)
=− mi
12pi2
1∫
0
dx2m
2
i − p2x¯x(1+ 4xx¯)
(m2i − xx¯p2)2
,
B′loc;i
(
p2; p2,0
)
=− mi6pi2
∫ 1
0
dx 1− 6xx¯
m2i − p2xx¯
. (D.21)
Appendix E: Tensor structures for LbL amplitude
Functions averaged over muon momenta can be represented
as
TsXYi =
6
∑
j=1
〈A〉 j ZXYi, j , (E.22)
where 〈A〉 j are the averages of scalar products with muon
momentum in the numerator and muon propagators in the
denominator (D1 = (P+Q1)2 +m2µ , D2 = (P−Q2)2 +m2µ)
〈A〉1 =
〈
1
D1
〉
=
R1− 1
2m2µ
, 〈A〉2 =
〈
1
D2
〉
=
R2− 1
2m2µ
,
〈A〉3 =
〈
PQ2
D1
〉
= (Q1Q2) (1−R1)
2
8m2µ
,
〈A〉4 =
〈
PQ1
D2
〉
=−(Q1Q2) (1−R2)
2
8m2µ
, (E.23)
〈A〉5 =
〈
1
D1D2
〉
=
1
M2µ |Q1| |Q2|x
arctan
[
zx
1− zt
]
,
〈A〉6 = 〈1〉= 1,
mµ is the muon mass
(
P2 =−m2µ
)
and
t =
(Q1Q2)
|Q1| |Q2| , x =
√
1− t2 , Ri =
√
1+
4m2µ
Q2i
,
z =
Q1Q2
4m2µ
(1−R1) (1−R2) . (E.24)
ZXYi, j are polynomials in photon momenta
ZAA1,1 = (Q1Q2)(Q21 +(Q1Q2)), ZAA1,2 = Q22
3Q21 +Q22 +Q23
4 ,
ZAA1,3 =−Q21, ZAA1,4 = Q22, ZAA1,6 =
(Q1Q2)−Q22
2 ,
ZAA1,5 = Q22(2m2µ −Q21− (Q1Q2))(Q21 +(Q1Q2)), (E.25)
ZAA2,1 =
Q21(Q21− 2Q23)
2
, ZAA2,2 =
Q22(Q22− 2Q23)
2
,
ZAA2,3 =−Q21, ZAA2,4 = Q22, ZAA2,6 = Q23−
Q21 +Q22
2
,
ZAA2,5 = Q23(Q21Q22− 2m2µ(Q1Q2)),
ZAB1,1 =−Q21Q22((Q1Q2)+Q21)
Q23−Q21
2
,
ZAB1,2 =−Q22
(Q1Q2)2(Q22 +(Q1Q2))+Q21Q22Q23
2
,
ZAB1,3 =−Q21(Q1Q2)((Q1Q2)+Q22),
ZAB1,4 = Q22(Q1Q2)((Q1Q2)+Q22), (E.26)
ZAB1,5 = Q21Q42Q23
(Q1Q2)+Q21
2
,
ZAB1,6 = ((Q1Q2)2 +Q21Q22)
(Q1Q2)+Q22
2
,
ZAB2,1 =
Q21
2
(
Q22(Q41 +(Q1Q2)(Q23−Q21))+
+Q21((Q1Q2)((Q1Q2)+ 5Q22)+ 2Q42)
)
,
ZAB2,2 =
Q22
2
(
Q21(Q42 +(Q1Q2)(Q23−Q22))+
+Q22((Q1Q2)((Q1Q2)+ 5Q21)+ 2Q41)
)
,
ZAB2,3 = Q21((Q1Q2)+Q21)((Q1Q2)+Q22), (E.27)
ZAB2,4 =−Q22((Q1Q2)+Q21)((Q1Q2)+Q22),
ZAB2,5 =−Q21Q22Q23
(Q1Q2)(Q22 +Q21)+ 2Q21Q22
2
,
ZAB2,6 =
(Q21Q22− (Q1Q2)2)(Q22 +Q21)
2
−Q21Q22Q23.
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